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Programm

* Theorie-lnput
* In-class Exercise
* Nachbesprechung Serie 7



Theorie



Orthogonalitat

Lemma 5.1.8. Let V be a subspace of R". Then V = (V1)1

Corollary 5.1.9. Let A € R™" N(A) = C(AT)+ and C(AT) = N(A)*.

Lemma 5.1.10. Let A € R™", Then N(A) = N(ATA) and C(AT) = C(ATA).




Projektionen

Definition 5.2.1 (Projection of a vector onto a subspace). The projection of a vector b € R™ on a subspace
S (of R™) is the point in S that is closest to b. In other words

(1) projg(b) = argmin|[b — p||.
pesS
gets run over by a steamroller:

If a mouse:




Definition 5.2.1 (Projection of a vector onto a subspace). The projection of a vector b € R™ on a subspace
S (of R™) is the point in S that is closest to b. In other words

Projektionen |, N —

PES

It will look like this:

If a mouse:




Projektionen auf eine Linie

FIGURE 1. Projection on a line.

Lemma 5.2.2. Let a € R™\ {0}. The projection of b € R™ on S = {Aa | A € R} = C(a) is given by

T
) ad
projs(b) = —7—b.




Projektionen im Allgemeinen

Lemma 5.2.3. The projection of a vector b € R™ to the subspace S = C(A) is well defined. It can be
written as

projs(b) = A%, where % satisfies the normal equations A" A%z = A" b.

p=At=A(ATA) 'ATb.

Lemma 5.2.4. A'A is invertible if and only if A has linearly independent columns.




Projektionen im Allgemeinen

Lemma 5.2.4. A" A is invertible if and only if A has linearly independent columns.

All A21 A31
* A muss nicht quadratisch sein!
A12 A22 A32
A A ApAygt | ApAg | ApAg
u 12 AA ApAz | ApAs
A A ApiArrt | ApAgr ¥ | ApAg +
21 22 A22A12 A22A22 A22 A32
A A AgiAir T | AsiAor | AsiAg t
31 32 AGZAJZ A32A22 A32 A32
Matrix A"

Matrix A

Matrix A'A

Figure 1: Matrix multiplication AT A




Projektionen im Allgemeinen

Theorem 5.2.5. Let S be a subspace in R™ and A a matrix whose columns are a basis of S. The
projection of b € R™ to § is given by
projg(b) = Pb,

where P = A (ATA) AT is the projection matrix.




Methode der kleinsten Quadrate (least
squares)

* Problem: Wir haben ein Gleichungssystem mit zu vielen
Gleichungen:

*3x+1=4

e 2x-1=3

* Wir haben also keine Losung fur das Gleichungssystem!
* Wir wollen eine moglichst gute Losung finden



Methode der kleinsten Quadrate

* Sei: A € R™" und b € R™. Wir betrachten das Gleichungssystem
Ax = b, das keine exakte Losung hat.
min ||A% — b||%.

* Eine moglichst gute Losung ist also definiert durch o

 Wir wollen also den Unterschied von Ax und b minimieren.



Least Squares und Projektionen

The link to projections

Consider the subspace C(A) = {Ax | x € R"}. Then,

in |Ax — bl = min ||b—pl||® = ||b— proj b)||2.
Xn;ﬁgnll | pgg(nA)ll pl|* = ||b—projc(a)(b)|

@ A least squares solution is given by projca)(b) = Ax, where ATAXx = ATb.

@ If A has linearly independent columns, then A’ A is invertible. Hence, for
the least squares solution we have the explicit formula

x=(ATATATb.




Lineare Regression

» Wir betrachten Punkte in R%: (t1,61),(t2,b2),- - -, (tm,bm)

* Wir suchen eine Linie, die diese Punkte moglichst gut
approximiert:

o
£ "U'hu'
PU—

R

FIGURE 2. Fitting a line to points



Lineare Regression

» Wir betrachten Punkte in R%: (t1,61),(t2,b2),- - -, (tm,bm)

* Wir suchen eine Linie, die diese Punkte moglichst gut
approximiert, also suchen wir:

*peRand oy € R
* Sodass: p; ~ ay+ aty.



Lineare Regression

2
* Wir suchen also: min b—A( g? ) , (1)
where
( by \ 1 f4
b2 1 b
b= : and A= :

( 0% ):(ATA)_1ATb: m 221:1 tk ]_1( Ekm:1 bk )

Z;’L Ik Z?ﬂ t;% ):27:1 tk bi




Fragen?



Ubungen



1. Linear regression (in-class) (*ﬁﬁ)

We want to determine the parameters of a certain model function from some measured values.
Assume that we measured the following values

where i € [5]. Moreover, assume that we want to model the relationship between ¢, b by a function
f,i.e. b= f(t). In this exercise, we restrict f to be a line, i.e. f should have the form

f(t) =it +ag

for parameters a1, g € IR. Our goal is to find suitable values for a;y, g. As discussed in the
lecture, this idea of fitting a line through a set of datapoints is called linear regression.

a) For each datapoint (¢;, b;) with i € [5], we get an equation for oy, o from f(t;) = b;.
down the system of linear equations that we get by combining all five equations.

b) Do you expect this system to have any solutions? (Answer this intuitively without actually
solving the system).

Using the normal equations, find an approximate solution to the system you wrote down.




Euklidische Norm

Definition 1.11 (Euclidean norm). Let v € R™. The Euclidean norm of v is the number

|v|| Z=|1/V-V. |




Beweisen, dass zwei Mengen gleich sind

* Um zu zeigen, dass A = B, zeige:
«ACB
e BCA
* Um zu zeigen, dass A € B:
* Seix € A beliebig. Wir zeigen, dass dann auch x € B gilt. Dazu ...

 Schreibt auf, was ihr macht!



2. Nullspace and column space (hand-in) (**‘f-\f)

Let v be a unit vector (i.e. | v|| = 1) in R3. Consider the 3 x 3 matrices A and P defined by
A:=vv', P:=I3—vv =I3— A
where I3 is the 3 X 3 identity matrix.
a) Show that A> = A and P? = P.
b) Let w € R? be orthogonal to v. Prove Aw = 0.

¢) Now let w € R? be a vector satisfying Aw = 0. Prove w - v = 0.

d) Based on b) and c), describe the nullspace N(A).

e) Determine the rank of A. Is A invertible?




2. Nullspace and column space (hand-in) (**‘f-\f)

Let v be a unit vector (i.e. | v|| = 1) in R3. Consider the 3 x 3 matrices A and P defined by
A=vv', P=L-v' =L—-A

e}

where I3 is the 3 X 3 identity matrix.
f) Prove that C(A) = {av : @ € R} = Span(v).

g) Also prove that C(A) = {w € R? : Aw = w}.
h) Use g) to prove N(P) = C(A).

i) Finally, prove C(P) = N(A).




5. Orthogonal subspaces in R* (k)

T
LetV = T“z cx1, 72 €R ) CRYand W = f xERY: x1+x0+ 23+ 24 = (_'}} C R?* be
0
subspaces of R?.
a) Determine a basis of V+.
b) Does there exist a basis of ¥ such that no basis element is in vi9

¢) Does there exist a basis of W such that exactly one basis element is in V12

d) Does there exist a basis of W such that exactly two basis elements are in V-2

e) Does there exist a basis of W such that exactly three basis elements are in V-2

Justify your answers.
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